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Abstract

The demand for autonomous eVTOL aircrafts is driven by the need for innovative solutions to address transportation challenges in
urban environments. Developing autonomous systems requires safety guarantees and robust control systems capable of handling
uncertainties, disturbances, and faults. This paper introduces an intelligent control framework for multirotor eVTOLs in Urban Air
Mobility applications. The inner-loop attitude/altitude tracking employs a Composite Adaptive Neural Control with Disturbance
Observer (CANCDO); it combines Lyapunov-based neural network adaptation to compensate for uncertainties with a disturbance
observer that estimates the upper bound of disturbances while compensating for estimation errors. The framework simultaneously
trains the neural network and disturbance observer online by using a composite error, which includes both tracking error and state
estimation error from an adaptive observer. The outer-loop horizontal position control uses a PD controller enhanced with an ESO
for precise trajectory tracking. To provide fault tolerance, the framework includes a two-stage Fault Detection and Diagnosis (FDD)
scheme, which estimates actuator effectiveness coefficients in real time and pairs with dynamic control allocation to optimally
distribute virtual control efforts during failures. Additionally, adaptive Control Barrier Functions are developed to enforce safety
constraints on position and velocity by incorporating real-time uncertainty estimates from CANCDO, which ensures safe operation
even when there are model discrepancies. The framework is validated on a high-fidelity multirotor air taxi simulation model,

achieving a final Relative RMSE of 0.34% for trajectory tracking under simultaneous faults and severe wind disturbances.
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1. Introduction

In recent years, advances in autonomy and intelligent con-
trol have enabled considerable improvements in safety-critical
systems such as aerial vehicles, autonomous cars, and robotic
platforms. These technologies have demonstrated that reliable
autonomy can reduce human error, enhance operational effi-
ciency, and extend system capabilities beyond human limita-
tions. Extending this paradigm to passenger-carrying aerial ve-
hicles has the potential to transform urban transportation, par-
ticularly through the deployment of electric Vertical Take-Off
and Landing (eVTOL) air taxis. According to the Vertical Flight
Society [1], over 800 eVTOL configurations have been explored
to date, encompassing designs such as multirotor, lift-plus-cruise,
and vectored-thrust aircraft.

Unlike conventional rotorcraft, multirotor eVTOL aircraft
leverage Distributed Electric Propulsion (DEP) to achieve qui-
eter, cleaner, and more cost-effective operations. Their actu-
ator redundancy further enhances resilience, making them at-
tractive candidates for Urban Air Mobility (UAM) networks
[2]. However, these benefits can only be fully realized if eV-
TOLs operate with a high degree of autonomy, capable of safe
and reliable performance in complex urban environments [3].
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This requirement imposes stringent demands on the flight con-
trol system, which must ensure stability, precision, and safety
under modeling uncertainties, environmental disturbances, and
potential faults. Various control approaches have been proposed
for conventional multirotors [4, 5, 6, 7, 8]. However, multiro-
tor eVTOL air taxis, while sharing similar characteristics, are
considerably less agile due to higher weight, larger moments
of inertia, and slower motor responses [9]. Additionally, the
aerodynamic effects on the rotors and the airframe cannot be
neglected.

Neural networks (NNs) have been widely used in adaptive
control over the past two decades, particularly for aerial vehi-
cles [10, 11]. The Feedback Error Learning (FEL) approach
is the most common method for integrating NNs into adaptive
controllers, enabling the system to learn and compensate for
unknown dynamics while satisfying Lyapunov stability [12].
FEL leverages tracking errors to update the NN and mitigate
model uncertainties. To improve learning efficiency, a state ob-
server can be employed to estimate system uncertainties, with
the observer incorporates its estimation error into the NN up-
date, a technique known as composite learning [13, 14]. Fur-
thermore, an adaptive Disturbance Observer (DO) can compen-
sate for residual NN estimation errors and time-varying distur-
bances not captured by the NN. This reduces the need for high
learning rates and ensures asymptotic stability. For instance,
[15] combined NNs with a DO that estimates the residual un-
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certainty itself, though this design requires the additional as-
sumption that the time derivative of the disturbance is bounded.

Guaranteeing safety in such safety-critical systems requires
more than just accurate trajectory tracking [16]. A reliable sys-
tem that executes commands correctly may still fail to ensure
safety if those commands drive the vehicle into unsafe regions.
Consequently, modern flight control systems must integrate ro-
bustness, fault tolerance, and formal safety guarantees into a
unified design.

Over the past decades, significant research has been devoted
to Fault-tolerant Control (FTC), specially for multirotors [17].
Passive FTC strategies employ robust control laws to tolerate
predefined faults, whereas active FTC methods adapt control
parameters or reconfigure commands in response to detected
failures. In the field of active FTC, Fault Detection and Diag-
nosis (FDD) has been extensively studied, employing model-
based techniques such as observers [18, 19, 20], Kalman filters
[21], Recursive Least Squares (RLS) [22], parity space meth-
ods [23], as well as data-driven approaches including neural
networks and machine learning classifiers [24, 25, 26].

Model-based methods rely heavily on accurate system mod-
els and can suffer from degraded performance or false alarms
under model inaccuracies or unaccounted disturbances. Data-
driven approaches handle nonlinearities and unmodeled dynam-
ics but face challenges in stability guarantees, dataset require-
ments, and generalization to unseen faults. In [27], a sliding
mode observer is proposed for robust actuator fault detection
and diagnosis of an octorotor in the presence of disturbances.

In [26], an Online Sequential Extreme Learning Machine
(OS-ELM) method is developed to estimate the actuator effec-
tiveness coefficients for a quadrotor subject to actuator faults,
which required the dynamics of the system. In [28], an adaptive
sliding mode—based fault-tolerant control was introduced, fea-
turing adaptive control allocation for a hexarotor. However, it
considered fault estimation error while neglecting external dis-
turbances and limiting validation to hover conditions.

In [29], a Loss of Effectiveness (LoE) estimation method
is proposed for decoupling aerodynamic effects like blade flap-
ping from faults in a quadrotor, using a reduced-order general-
ized Kalman filter capable of estimating multiple faults simul-
taneously. Khattab et al. [30] proposed a fault-tolerant con-
trol strategy for an octorotor using sliding mode control com-
bined with weighted pseudo-inverse control allocation. How-
ever, their approach lacks a fault detection scheme and assumes
that fault severity is known a priori. Despite the significant
progress in FTC design, most existing studies assume constant
thrust and drag moment coefficients in propeller models; they
neglect the coefficients’ dependence on external disturbances
(e.g., wind gusts). This simplifying assumption can limit the
fidelity of the system model and impair fault detection and con-
trol reconfiguration performance.

Motivated by the above discussion, this work proposes a
novel adaptive neural flight control architecture for autonomous
multirotor eVTOLs. The proposed approach includes an inner-
loop adaptive neural controller with disturbance observers for
attitude and altitude control. Additionally, it features an outer-
loop PD controller augmented with an Extended State Observer

(ESO) for trajectory tracking. A time-scale decomposition strat-
egy is employed to decouple fast inner-loop dynamics from
slower outer-loop dynamics, allowing independent controller
design and stability analysis via Lyapunov theory. Moreover,
a dynamic control allocation based on a novel two-stage FDD
is proposed to cope with the simultaneous actuator faults. Be-
yond fault tolerance, safety requires enforcing state constraints
during flight. Control Barrier Functions (CBFs) provide such
guarantees but conventional designs depend on nominal mod-
els, reducing robustness under uncertainties and disturbances
[31]. To address this, we propose an adaptive CBF frame-
work that leverages uncertainty estimates from the controller,
enabling real-time enforcement of safety limits and trajectory
containment despite faults and environmental disturbances.
The main contributions of this thesis are:

1. A Composite-Learning-Based Adaptive Neural Control
with Disturbance Observer (CANCDO) approach for mul-
tirotors is proposed to improve the quality of online un-
certainty estimation and is capable of robust trajectory
tracking under system uncertainties and external distur-
bances.

2. The closed-loop stability is carefully analyzed using the
Lyapunov stability theorem. Using the introduced com-
posite learning algorithm, both the tracking and estima-
tion errors are asymptotically converged to zero, even
considering significant internal and external disturbances.
Using the proposed DO, the closed-loop system is capa-
ble of compensating for both the NN’s estimation error
and time-dependent external disturbances.

3. A dynamic control allocation algorithm is developed based
on a novel two-stage robust FDD framework, combining
aEKF and OS-ELM approaches to handle simultaneous
actuator faults.

4. Adaptive CBFs as safety filters are proposed for enforc-
ing safety constraints on critical states and guaranteeing
operation within safe flight envelopes.

5. A high-fidelity simulation framework incorporating gy-
roscopic effects, rotor and body aerodynamic effects, ground
effect, and wind disturbances is developed to evaluate the
proposed methods under realistic urban flight scenarios.

2. Problem Formulation

2.1. Equations of Motion

The schematic of the vehicle with the Earth and Body refer-
ence frames is shown in Figure 1. The Earth frame is treated as
the inertial frame, where the Earth is assumed to be flat and non-
rotating. A local North—East-Down (NED) coordinate system,
denoted by 1£, is defined based on the Earth frame and fixed
to the Earth. The multirotor air taxi is then modeled as a rigid
multi-body system. To demonstrate the effectiveness of the pro-
posed control framework in UAM, the Volocopter 2X multiro-
tor configuration is considered. To the best of our knowledge,
the detailed modeling and intelligent control of this novel air-
taxi configuration have not yet been investigated in the litera-
ture. The compact final form of the 6-DOF nonlinear dynamic



Figure 1: Schematic of the vehicle with Earth and Body frames

model of the multirotor air taxi, developed in this work using
the notation of [32], is given by:
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where [VE[ " = [u v w] [0 = [p g ] sl =

[x y z], ® = [(Z) 0 z,b], m, and [Ig]B represent the vehicle’s
velocity and angular velocity in the body coordinate system,
the position of the vehicle with respect to the inertial frame,
the attitude of the vehicle represented by Euler angles, the total
vehicle mass, and the moment of inertia matrix, respectively.

Also [£,]5, [fp]B, [g]", (mp]®, [m;,]%, and [mg,]® denote
the total aerodynamic and propulsion forces acting on the vehi-
cle, the gravity acceleration vector, the external moments act-
ing on the vehicle, the inertial reaction moments, and the gyro-
scopic moments acting on the vehicle represented in the body
coordinate system. Moreover, transformation matrices [T]5C
and Tg are defined as follows:

COHCy CHSy -S6
[T]2L = |S¢SOCY — CpSyr  S¢SHSY + CopCyr - SpCh|, (2)
CoSOCY + S¢Sy CpSOSY — SpCy CopCo

1 sing tanf cos¢ tané
Te =10 cos ¢ —sing |, 3)

0 sing secd cos¢ sect
where S and C represent the sine and cosine functions, respec-
tively. It should be noted that a represents the matrix transpose

B
of a and the skew-symmetric matrix of angular velocity [QBE ]
is defined as follows:
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2.2. Forces and Moments Model

Given that, in general, aerodynamic forces and moments
are a function of relative velocity (velocity of the vehicle rela-
tive to the air), it is important to model and apply the effect of
wind and turbulence as external disturbances. By defining an
air frame with the symbol @, the relative velocity of the CoG
with respect to the atmosphere in the body coordinate system

—_B
[Vg] =[uy v,y Wy ]canbe expressed as follows:

vl = il - Ve ©)

L
where [Vf‘@] represents the total air velocity (wind and turbu-
lence) relative to the ground in the local earth coordinate sys-
tem. Also, V,, represents the magnitude of the relative velocity

B
[Vg] . In general, wind can include steady wind, wind shear,

gust, and atmospheric turbulence. Of these, atmospheric turbu-
lence is stochastic in nature, and the rest is deterministic. For
details on the modeling of winds, see Appendix A.

Figure 2 shows the rotational directions of the rotors. Based
on the given geometry, the position of the jth rotor center is
expressed as:

B

[sks| =[tjcosp; €sing; —h. (6)
where A, is the vertical distance between the actuator’s plane
and the CoG of the vehicle. According to (4) and (6), the trans-
lational velocity of the jth rotor with respect to the atmosphere
in the body coordinate can be written as follows:

[vel" = m =[il [ swal 0
WRj

Also, the total propulsion force vector can be modeled as
follows:

B =fo o -+ ®
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Figure 2: Rotation configuration of the motors

where Fr is the summation of all generated thrust forces f; by
the rotors. Additionally, the aerodynamic forces acting on the
vehicle are modeled as follows:
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where Cp_, Cp, and Cp, represent the drag coeflicients in three
directions and S, S, and S, represent the base area in three
directions. In addition, Cp,, and S, represent the drag coeffi-
cient of of each individual rod forming the three-branch struc-
ture located beneath a rotor and the reference area of the rod,
respectively.

The torques acting on the vehicle can be considered to be
due to the rotor torque myg and external torques my:

(mp]? = (mg]? + [m,]®
- B Br. 1B (10)
= Z ([mR/] + [SRjB] [ij] )+ (m,]?
=1

The torque generated by the rotors consists of two parts:
the torque generated by the resistance to the rotation of the ro-
tor and the torque generated by the forces generated by the rotor
based on the arm of each rotor relative to the CoG. Considering
the constant angle of installation of the motors, the torque gen-
erated by each rotor due to drag can be expressed in the body
coordinate system as follows:

[me] =0 0 -1, (11)

where, according to the configuration of the vehicle given in
Figure 2, €; = (-1)/. Furthermore, the force produced by each
rotor in the body coordinate system can be expressed as:

[Q]B:[Hm H, _fj]7

where H represents the horizontal force on the rotor plane. There-
fore, the total generated moments by the rotors is as follows:
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where [m¢]” = [TX Ty TZ] represents control moments. More-
over, the inertial reaction and gyroscopic moments are obtained
as
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where WR, is the speed of the jth rotor. Furthermore, €; = +1
indicates the direction of rotation of the rotor, which is +1 if it
is clockwise and —1 if it is counterclockwise. Also, I denotes
the rotor (total motor and propeller) axial moment of inertia.

The magnitude of the forces and moments of a rotor is mod-
eled as follows:

1

f= zanicfwi = bw} (16a)

H= EanicHw,% = hywy (16b)
1
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where p, R, and wg represent the air density, propeller radius,
and rotor speed, respectively. Inspired by [33] we can obtain
the forces and moment coeflicients in (16) based on the Blade
Element Momentum Theory (BEMT) as follows:

C; = 0.0386 + 0.0705 > — 0.182 1 (17a)
C. = 0.00077 + 0.00118 > — 0.148 22 + 0.0314  (17b)
Cy = 0.00236 1 + 0.0546 A, (17¢)
where
WR
A= , 18
xR, (18a)
2= (18b)
i = CURRP s
A=A+, (18¢)
1%
U= — (18d)

a)RRp



In the aforementioned definitions, v;, 4;, 4. and y indicate in-
duced velocity, induced inflow ratio, climb ratio, and advance

ratio, respectively. Additionally, V), = . /”%e + vi is the magni-
tude of the horizontal velocity in the rotor’s plane. It is worth
noting that, unlike the linear relation in [33], we fitted a 4th-
order polynomial to the propeller’s chord ¢, curve using T-
MOTOR NS47%18 propeller geometry data [34]. Moreover, the
unknown coeflicients of the propeller lift, drag, and pitch (twist)
angle are determined based on the experimental data obtained
from the static condition tests [34].

In order to find the induced inflow ratio or equivalently in-
duced velocity that appears in (17), (19) must be numerically
solved in each simulation time step. In this work, the Newton-
Raphson method is utilized due to its high convergence speed.

L+ e+ A) +osplf — A4+ )2+ 2 =0, (19)

where ¢, ¢, and c3 are known constants that can be determined
from experimental test data in static condition. Therefore, un-
like existing works that consider constant coefficients for rotor’s
thrust and torque, in this paper the coefficients b and d vary
based on the environmental conditions and the rotor’s horizon-
tal force effects are taken into account.

In this work, the Hayden model is utilized to include the
ground effect on the generated thrust forces near surfaces such
as ground or building roofs [35, 36]:

2
fio = (0.9926 + 0.03794( 2Ry ) ] f = Kehnf.  (0)
hb + hr

where A, is the overall height of the air taxi body, 4, is the rela-
tive height of the vehicle to the surface, and R, is the propeller
radius. Thus, the ground effect is applied to the obtained thrust
force from BEMT with a correction factor as a function of the
relative height.

2.3. Actuator Model

The multirotor air taxi actuator system consists of the bat-
tery, Brushless Direct Current (BLDC) motor, propeller, and
Electronic Speed Controller (ESC).

The battery is responsible for providing the required power,
and the ESC is responsible for generating the appropriate volt-
age to drive the motor speed to the desired speed based on the
value of the Pulse Width Modulation (PWM) signal. The motor
converts electrical power into mechanical power, which is ac-
companied by power loss due to friction and damping effects.
The power given to the propeller is then converted into thrust
and drag torque.

The voltage applied to each motor is modeled as

Vm’j:O'ij, j= 1,...,NR, (21)

where o; is the throttle command value for each motor (the
PWM value mapped to the range [0 1]), and V}, is the battery

voltage. Moreover, the dynamics of the BLDC motor is consid-
ered as follows [37]:

dl,,

LE = Vm - RuIm — KewR (223)
d

R% = Kl — Buwg — T, (22b)

where I,,, L, V,,, R, K., K;, B,, and T respectively represent
the current of the motor armature, the armature inductance, the
input voltage applied to the armature, the equivalent resistance,
the back-EMF constant, the motor torque constant, the damp-
ing coefficient (mechanical friction or viscous losses), and the
aerodynamic torque due to the drag effects of the rotor rotation.
For advanced BLDC motors, the motor inductance is very
small, effectively resulting in a very small time constant in the
current dynamics [3]. In other words, it can be assumed that
the electric current response is instantaneous with an approxi-
mation of L = 0. Thus, the equations can be rewritten as:

1
Im = Sat R_ (Vm - KeCUR) B 0, Imax
a , (23)

dwR
_ 2
= - Buwg — dwy

1
Rar

Kl
where Sat represents the saturation function, which limits the
current between zero and the maximum current.

3. Control System Design

As can be seen in Figure 3, the control system is cascaded
and has two inner and outer loops. The outer loop is respon-
sible for generating the desired roll and pitch angles, which,
as a result of adjusting these angles, allow the air taxi to reach
the acceleration required to track the reference path. The in-
ner loop is responsible for controlling the air taxi’s attitude and
altitude in the presence of uncertainties and disturbances, and
compensates for fault detection errors. Also, the motor fault co-
efficients are estimated by the fault detection and identification
module and are used online in the control allocation to provide
fault tolerance.

3.1. Inner-Loop Control

To design the inner-loop adaptive neural control system, the
nonlinear state-space representation of the inner-loop dynamic
model must be determined. Thus, by approximating ¢ ~ p, 8 =~
g,y =~ r, we can consider the inner-loop dynamic model (1c) as
(24) with a nominal model, an uncertainty term A, and a time-
varying disturbance term:

% = F(X) + BX)v + AX,v) + d(7), (24)
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Figure 3: Overall view of the proposed control system
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wherex=[¢ 6 ¢ z] andv= [FT T Ty -rz]T rep-
resent the inner-loop variables and the virtual control input,
respectively. Also, we have X = [(I)T w;, v’ ]T where
®=[¢ 60 ¥|', wp = [wBE B, and v = |vE k. Thus, the
effect of the approximation of small Euler angles, gyroscopic
effects, rotor reactions, aerodynamic forces and moments, and
other uncertainties are taken into account in A and d(¢), hence
the nominal model has a simpler structure.

Assumption 3.1. It is assumed that uncertainties and external
disturbances are bounded, i.e., ||A]| < A and ||d|| < d, where A
and d are positive constants.

We estimate the uncertainty term A € R™ by a neural net-
work as follows

AX,v) =W* u(X,v) + €
AKX, v) =WTu(X, ),

(26a)
(26b)

where W* € RV W e RNV>m yg) : R* — R and
& € R" represent the optimal (unknown) weights, the estimated
weights, the vector of basis functions, and the network esti-
mation error, respectively. The basis functions of the neural

network in this study are considered as radial basis functions
(RBFs):

w@) =expl- &= €. 15 N, @)
20'l.2
where £ = [XT vT] € R", ¢; € R" and o; represent the neural

network input, the center vector, and the width of the ith basis
function, respectively, and N, specifies the number of neurons
of the network. It should be noted that for better training of the
neural network, the network input is usually normalized, which
in this study the Z-Score approach is used, whose output data
has a mean of zero and a standard deviation of one.

As a practical method to reduce the computational burden
for online training of adaptive neural networks, the Extreme
Learning Machine (ELM) approach is used, in which the center
and weight of each neuron are randomly selected at the begin-
ning of simulation and training and remain constant. In this ap-
proach, the neural network is usually considered with one hid-
den layer, but if more layers are considered, only the weights
of the last layer are updated. It has also been shown that the
RBF neural network with the ELM approach has the property
of universal approximation [38]. Thus, to estimate the nonlin-
ear function f(£), we have:

€& - WTu@)| < em,

where g, is the upper bound of estimation error, indicating the
bounded estimation error.

We define the total disturbance as D(¢) = d(¢)+& and assume
that this disturbance is bounded:

(28)

ID| < Dy, (29)

where < denotes an element-wise inequality.

In the case of a tracking control problem, the control objec-
tive is to design a control system such that the tracking error
e = X — X4 converges to zero (or a compact neighborhood of
zero). Since the system is second-order, the filtered error signal
(sliding surface) is defined as follows:

s=¢é+ de (30)

In the Composite (Error) Learning approach, a state observer is
used, and the state estimation error is utilized in the neural net-
work weight update rule and the disturbance observer. In other



words, a composite error is defined based on the tracking error
and the state estimation error. Considering the state estimation
error as €; = X — X, the filtered estimation error is defined as
follows:

Sy = €, + A€ 3D

Furthermore, the state observer is defined follows:
% = F(x,X) + B&)V. + AX,v) + D(1) — kes, — 4,e,  (32)

To account for the constraints on the (virtual) control inputs, the
Modified Tracking Error (MTE) approach is adopted. Thus, we
define the auxiliary variable y as follows:

7 = Ky + Bx)(v - v.) (33)

where K is a definite positive diagonal matrix and is also used in
the control law that determines the speed of reaching the sliding
surface. Also, v and v, represent the virtual control input with
the constraint applied by the saturation function and the desired
virtual input produced by the controller, respectively. Thus, the
filtered MTE is defined as follows:

Sw=S—7% (34)

Note that in the absence of input constraints, y approaches zero,
so that the MTE coincides with the true error [12]. In addition,
the disturbance observer is designed as follows:

D = Dy, o sign(e.), (35)

where © and D), represent the element-wise product and the
upper bound vector estimate of the disturbance, respectively.
As aresult, the disturbance observer estimates the time-varying
uncertainties and the neural network estimation error, and by
using this estimate in the control law, its effect on the system
performance can be compensated.

According to the above definitions, we design the control
law as follows:

ve =B (% - F - Wy - Dy osign(e.) - 1¢ - Ks)  (36)

We design the update rules of the neural network and dis-
turbance observer as follows:

W =Ipe]

lA)M :leec|

(37a)
(37b)

where I' and kp denote the learning rate of the neural network
and the update rate of the disturbance observer, respectively.

Theorem 3.1. Using the control law (36) and the updating rules
(37a)-(37b), the inner-loop would be asymptotically stable.

Proof. see Appendix B. O

Remark 3.1. The inclusion of the sign function in the con-
trol law (36) and the disturbance observer (35) introduces the
well-known issue of chattering in the control signal. To address
this, various techniques have been proposed in the literature.
A common approach—also adopted in this work—is to replace

the sign function with the smooth tanh function. In this case,
the following inequality from [39] holds:

e

0< el - etanh( ) <0.2785¢,, € >0. (38)

Accordingly, instead of using |e.| in (37b), which is equivalent
to e, O sign(e.), we employ the smoother form e, © tanh(e,/¢,).
By adopting this modification, the closed-loop system no longer
guarantees asymptotic stability; rather, we establish Uniformly
Ultimately Bounded (UUB) stability, ensuring that the tracking
error remains bounded [12].

Remark 3.2. The updating rules (37a)—(37b) may suffer from
parameter drift in the absence of persistent excitation. To pre-
vent this, the e-modification technique [40] is applied, which
ensures bounded neural network parameters [41]. Therefore,
the modified update rules are expressed as:

W =T (se] - owlel |0 W), (39a)

Dy =kp (e © tanh(ec/€,) — op, lec| @ D). (39b)
where le]| © W indicates element-wise multiplication of each
column of the weight matrix w by the vector |e/|. Here, oy > 0
and o p,, > 0 denote design parameters. It has been proven that
this modification guarantees boundedness of the neural network
parameters. However, the e-modification changes the closed-
loop property from asymptotic stability to UUB stability, en-
suring that the tracking error remains bounded [41, 12].

The overall view of the proposed inner-loop control system

is shown in Figure 4.
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Figure 4: Overall view of the proposed inner-loop control system

3.2. Dynamic Control Allocation

Control allocation is defined as the problem of distribut-
ing virtual control (total thrust command and control torques)
among the actuators [17]. The control input is defined as the
vector of thrust forces:

u=[h £ s (40)

The linear transformation between the control input and the
virtual control input is expressed as follows:

v = Gu, 41



where G € R*M is the control allocation (control effective-
ness) matrix. A more precise representation of the linear trans-
formation of the control inputs in (41) is as follows:

Fr ! Lo ! h
- —{1sinf3y —{ysinf; —ng sinBn, || £
TX =| ¢t cosB;  Lrcosp, Ly, cOS By,
y
Tz —€ b_s —Ezb—s T —ENg l: Fg-
G
(42)

A diagonal matrix L, denoting the actuator health weight-
ing, is defined as follows:

L = diag ([al %3 OZNRD ) (43)

where 0 < a; < 1 represents the level of health of the actuator,
such that a; = 0 indicates complete failure of the actuator and
«; = 1 indicates flawless operation. Also, in the condition 0 <
«; < 1, the jth actuator has a loss of effectiveness (LoE).

The linear transformation relationship between the control
input and the virtual control in the general condition of fault
occurrence is rewritten as follows:

v = GLu (44)

Therefore, the optimization problem of control allocation is de-
fined as follows:

min  |julf
" (45)
s.t. v=GLu

Using the Lagrange multipliers method to solve the afore-
mentioned optimization problem, the optimal control inputs is
obtained as follows:

u=(GL) (GLGL)") v =Gy (46)

where G = GL and L is the estimation of L obtained from the
proposed FDD.

3.3. Fault Detection and Diagnosis

The proposed FDD algorithm includes two stages. In the
first stage, adaptive Extended Kalman Filters (aEKFs) are used
to estimate the motor rotation speed and the drag coefficient,
based on speed measurements. We used the proposed aEKF al-
gorithm in [42] and developed the first stage based on the motor

dynamics by defining x,, = [a) d]T:

_ _ 2
xm=[ fia — ooy ”‘3""] tl) @)

Thus, the Jacobian is obtained as follows:

—ki = 2kyxox;  —kpx?
F=[ S 5'} (48)

Moreover, the measurement model is

z=hx,)+v=Hx,+v 49)

where H = [1 O]T. The equations for the aEKF are adopted
from [42]:

d(k) = z(k) - h(x,,(k)) (50a)
K(k) = P~(bH] [H(HP~(HH (k) + R(k 1)]‘l (50b)
€(k) = z(k) - h(%,,(k)) (50¢)

R(k) = LRk — 1) + (1 = 2,)(e(k)e" (k) + H(K)P~ (H)H" (k))
(50d)

Qk) = 2, Qk — 1) + (1 = 2,)(K(k)d(k)d " (KT (k)) (50e)
(k) = %,,(k) + K(k)d(k) (50f)
P* (k) = I - K(H(K)P~ (k)T - K(h)H(k) " + K(k)RK)K(K)"

(50g)

Since the drag coefficient varies due to aerodynamic distur-
bances, estimating this coefficient is important; otherwise, the
LoE fault estimation becomes inaccurate. Considering that most
actuators have a similar gain of w?, denoted as kya, we calcu-
late the median of all estimated k, values to find an equivalent
drag coefficient, d. In the second stage, we develop an OS-ELM
algorithm to estimate the LoE fault gains.

To design the OS-ELM for the second stage, the nominal
model of the inner loop dynamics and motor dynamics are used.
Hence, the corresponding model can be represented as follows:

y=M'a 51
where
_ X — F(X)
o+ kjw- k3lm] (522)

_ [ B(x)G diag(u,) (52b)

~k, diag ([w?... ., wZN])]

Furthermore, the following recursive equations are used in
the GOS-ELM method [26]:

a(k) = @(k — 1) + N(k)M(k) (y(k) -MT(kyak - 1)) (53)

NGk -1
N(k)=¥

_Nk-1)
P

M(k) (AT + M (k)N(k — 1)M(k))_1 M (k)N(k — 1)
54

where @& represents the estimated fault coefficients and 0 < A <
1 is a forgetting factor. Therefore, the actuator health vector
@ can be estimated using the Algorithm 1. Additionally, the
overall structure of the proposed FDD is depicted in Figure 5.

3.4. Safety Filter

To ensure flight safety, the safety constraints must first be
determined and then enforced. To this end, a safety filter is de-
veloped utilizing control barrier functions to meet this require-
ment.
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Figure 5: Overall view of the proposed FDD block

Algorithm 1 Proposed FDD algorithm

1: Initialization:

2: Set the initial state estimate X (0) and covariance P*(0).
see Eqgs. (50f, 50g)

3: Set the initial noise covariances Q(0) and R(0).

4: Set the initial N(0). > see Eq. (54)

5: Choose forgetting factors A and A,,.

6: for each time step k do

7

8

9

A4

for each motor j do

Prediction Step:
: (0 = &Kk — D) + T E, (&G — 1), Lu(k — 1)).

10: P (k) = Fgu(k— DP* (k- l)F;m(k— D+ Qk—-1).
11: Correction Step:
12: Compute the Kalman gain K(k).  » see Eq. (50b)
13: Compute the innovation d(k). > see Eq. (50a)
14: Update the state estimate X' (k). > see Eq. (50f)
15: Update the covariance P* (k). > see Eq. (50g)
16: Compute the residual e(k). > see Eq. (50c)
17: Update R(k). > see Eq. (50d)
18: Update Q(k). > see Eq. 50e)
19: end for

20: Compute d.

21: Compute y(k), M(k).
22: Update N(k).

23: Update &(k).

24: end for

> see Eqs. (52a, 52b)
> see Eq. (54)
> see Eq. (53)

Consider the following control-affine system:
X =f(x) + gu, (55)
where x € R”, u € R™.

Definition 3.1 (CBF [43, 44]). A function 2 : R" — Ris a
Control Barrier Function (CBF) for the system (55) and the
safe set C = {x € R"|h(x) > 0} if there exists a € K such that:

sup [Lrh(x) + Lax)u + a(h(x))] 20 VxeC. (56)
ueR™
For systems with relative degree r > 1, higher-order control
barrier functions (HOCBFs) are introduced.

Definition 3.2 (HOCBF [43, 44]). Define yy(x) := h(x) and
recursively:

YiX) = g (X) + @i (X)), i=1...r (57)

where «;(+) are class K functions. The corresponding sets are:

Ci={xeR":y; 1 (x)20}, i=1,...,r (58)
A function h(x) is a High-Order Control Barrier Function of
relative degree r if there exist differentiable class K functions
ay,...,Q, such that:

Yr(X,w) = L3h(X) + L LT hu + Oh(X)) + ar(¥,-1(x)) 2 0
(59)
where O(b(x)) contains all lower-order Lie derivatives.

Safety constraints on state variables, such as altitude limits
and vertical speed bounds, are enforced through Control Barrier
Functions (CBFs), ensuring the air taxi remains within prede-
fined safe regions. Additionally, a CBF is designed to guar-
antee trajectory containment within a specified corridor around
the reference path, even under disturbances and actuator faults.
Thus, we consider the following CBFs for ensuring safety:

hi(p) = dy, —lle.|* > 0, (60a)
h(2) = 2= Zmin 2 0, (60b)
h3(va) = Va4 = Vamin = 0, (60c)
h4(va) = Vamax —va 2 0, (60d)

where hy(p), h2(2), h3(vy) and hy(v,) are accounting for limiting
the maximum cross-track error, maximum altitude, minimum
vertical velocity, and maximum vertical velocity, respectively.
Moreover, the cross-track error is defined as follows:

e, =P. 0 (p-pa), (61a)

P, =1-TT", (61b)

_ Pae (61c)
[1pall

The aforementioned cross-track error CBF is to ensure the vehi-
cle’s flight path remains within the specified distance from the
reference path.

Since an algorithm for estimating the uncertain terms of the
system dynamics has already been developed, the obtained in-
formation can be utilized to improve the accuracy of the models
employed in the safety filter, which functions as adaptive CBFs.
Therefore, the translational tracking error dynamics is given by:

ész,+G,u+ﬁ,—tid,
T
F=[0 0 g .

cosysinfcos¢g +sinysing 0 O O
G, = —— [sinysinfcos¢ —cosysing 0 0 O|GL,
mn cos ¢ cos 0 0 O

(62a)
(62b)

(62¢)

where fJ, = [Ux Uy UZ]T. Also, U, and Uy are obtained
from ESO related to horizontal translational dynamics, and U,
is obtained from the neural network and disturbance observer.
In addition, the estimated fault coefficients I are incorporated



into the control design, and the resulting adaptive expressions
yield an adaptive control barrier function with improved accu-
racy in satisfying the constraints under uncertainties.

It should be noted that, given that there are discrepancies in
the estimation of the uncertainties and actuator faults, an upper
bound must be established for these discrepancies in order to
provide a robustness margin for compliance with the constraints
by the control barrier functions.

Assumption 3.2. The uncertainty estimation errors U, =U, -
U; where i = x,y, z are bounded. assuming U, = [UX U, ﬁz]T,
the norm~of the uncertainty estimation error is bounded by ||U,|| <
61 and ||U,]| £ 65.

Since A, and h, are HOCBFs, and h3, hy are standard CBFs,
the CBF and HOCBF conditions can be written as follows:

Lihy + LoLghy w+ky by + ki hy 2 €(6)). (63a)
Lihy + LoLghy u+ ko iy + ki by 2 €(62). (63b)
Lihy + Lihau + kshs > €(62), (63c)
Lyhg + Lehgu + kshy > €(5). (63d)

Here, ki1,, ka,, k1., k2., k3, k4 > O are scalar gains selected from a
linear class-% function. In addition, €;(d;) > 0 is a robustness
margin accounting for uncertainty estimation error.

Finally, the set of constraints (63a), (63b), (63c) and (63d)
can be expressed as follows:

ASFll < bSF- (64)
The safe control input is computed by solving the following
Quadratic Programming (QP) problem:

minimize  [[u = Wyom|
u

subject to  (64), (65)

Upin < U < Upax-

Here, u,on, is @ nominal control input from the dynamic con-
trol allocation and ., Upax are actuator bounds. It is worth
noting that the QP problem (65) remains feasible when the con-
straints are appropriately defined; however, it may become in-
feasible under certain environmental conditions or maneuvers,
indicating that no control input exists that can satisfy all con-
straints simultaneously. This issue is beyond the scope of this
research and in such circumstances, only the same input uop, is
applied to the actuators.

3.5. Outer-Loop Control

The outer loop is responsible for controlling the horizon-
tal position and tracking the path. In this paper, it is assumed
that the reference path is known and the goal is to track it with
appropriate accuracy.

The horizontal position dynamics can be written as follows:

. X d,
ph [ y:| dy

Ux
Uy

+ , (66)
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where d, and d, denote the disturbances in the horizontal posi-
tion dynamics. By definingh; =[x y]",h, =[x y]", and
T
wo = [ue u]
the ESO is designed to estimate the disturbance in the hori-
zontal position dynamic as follows:

hy =h, + (b —hy) (67a)
h, = u,, +hy + A,(hy - hy) (67b)
h; = Ao(h; — hy), (67¢)

where A; € R? and h; represent the observer gain matrix and
disturbance vector, respectively.

Therefore, by designing the matrix gains, the error dynam-
ics can be matched with Hurwitz polynomials and therefore
achieving bounded estimation error [45].

Thus, by defining the tracking error of horizontal position
as e, = h; — p;,, the outer-loop control law is a PD controller
augmented with ESO for robust performance:

u_)'c'd_KpX Oe_KDX 0
T 10 Ke]T"T O Kb
where the gains Kp , Kp , Kp, and Kp, are positive. The desired

roll and pitch angles can be obtained from the acceleration con-
trol input u,, as follows:

}eh -h;  (68)

N

bac = sin”! (—ﬂ(ux siny — u, cos l//) (69a)
Fr
L m (ux cos Y + uy, sin 1//)
040 =sin"" | — (69b)
Frcosdu,

Finally, after calculating the desired roll and pitch angle com-
mands from (69), a saturation block is applied to these angles
so that the final desired angles are within a certain range for
safe and optimal vehicle performance.

4. Results

A detailed nonlinear simulation of the multirotor eVTOL air
taxis is employed in this research to evaluate the performance
of the designed control system. The simulations are performed
in MATLAB/Simulink. Regarding the NN, a RBF neural net-
work with a single hidden layer is employed. The hidden layer
consists of 30 neurons, each initialized with randomly assigned
centers in the range [—1 1] and widths in the range [1.1 2.2].
The initial weights of the network are set to zero.

Since the nominal model (24) used by the controller in-
cludes only the total mass and moments of inertia, up to 20%
random uncertainty is considered in these parameters. More-
over, aerodynamic effects, gyroscopic effects, and other phe-
nomena that are not in the nominal model are considered as un-
modeled dynamics. To evaluate the robustness of the proposed
control system, severe wind gusts and turbulence are applied to
the air taxi.



Specifically, a steady wind of magnitude V), ; = 1 m/s with
a direction of 70° and a reference wind shear of magnitude
Vsnrer = 10 m/s with a direction of 70° were applied, while
turbulence with a magnitude of W,y = 10 m/s and a direction
of 10° was generated using the Dryden model. Furthermore,
gusts in all three directions with magnitudes of ug,, = 5,vg,, =
4,Wgm = 2 m/s and durations of 10, 20, and 30 seconds, respec-
tively, starting at times 50, 100, and 162 seconds, were applied
(see Appendix A). The time history of the applied overall wind
velocity can be seen in Figure 6.
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Figure 6: Applied wind velocity components in the local coordinate system and
its magnitude

In addition, an external disturbance signal was added to the
torques acting on the vehicle as (70):

Ve Ve
0.1 si (—t —)
Sin 3 +7

m?=| 01 sin(gt) (70)
V¢
0.02 (—t + —)
cos s t3
Moreover, the actuator faults are applied as follows:
a; =0 fort > 40s
a3 =0, g =1-0.01(t - 90) fort>90s 1)
a4 =0, a13=0, ag =0.5 fort > 140s
a7 =0, a1 =0, a1 =0.6 fort > 180s.

The fault coefficients (71) act on the forces and drag moment as
follows:

ji= a'jfj, (7221)
T =T (72b)
I:Ij = ajHj, (72C)
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The controller’s parameters are chosen as listed in Table 1.

To evaluate and compare the quality of trajectory tracking
and uncertainty estimation, the Mean Absolute Error (MAE),
Root-Mean-Square Error (RMSE), Relative Root-Mean-Square
Error (RRMSE), and Normalized Mean Absolute Uncertainty
Estimation Error (NMAUEE) metrics are defined as follows:

1 T
MAE(e) = —f le| dt, (73a)
T Jo
1 T
RMSE(e) = 4/= f eTe dr, (73b)
T Jo
fOT eTedr
RRMSE(e, x;) = | 77— % 100%, (73¢c)
fo XXy dt
T ~
IOl
NMAUEE(U, U) = =——— x 100%, (73d)
o de

where T is the simulation time, U represents the sum of the
state-dependent and control-dependent uncertainties, and time-
dependent disturbances, U represents its estimate, and U repre-
sents its estimation error:

U=0-U (74a)
U = AX,v) +d(n) = % - F(%) - B(x)¥ (74b)
U= W u(X,v) + Dy © tanh (i—) (74c)

Additionally, U, denotes the total uncertainty in the horizontal
dynamic, while U, and U, represent its estimate and estimation
error, respectively.

Moreover, control effort is defined as follows:

1 T
CE = —f u'u dr
T Jo

In the following, different flight scenarios are considered to
assess the effectiveness of the proposed approach.

(75)

4.1. Controller Performance

To better evaluate the quality of trajectory and attitude track-
ing, the criterion values under different conditions are presented
in Table 2. These conditions include: (1) only unmodeled dy-
namics and parametric uncertainties, (2) the addition of distur-
bances and noise along with uncertainties, and (3) the intro-
duction of faults in addition to all previous factors. It can be
observed that criterion values increase as additional sources of
uncertainty are introduced. In particular, disturbances lead to
a significant rise in position tracking errors, whereas faults pri-
marily increase attitude tracking errors. Moreover, the simula-
tion result of trajectory tracking for the last scenario is shown
in Figure 7. It can be seen that the air taxi can satisfactorily
follow the desired 3D trajectory despite uncertainties, distur-
bances, and actuator faults.



Table 1:

Numerical values of the control system’s parameters

Parameters Value Parameters  Value Parameters Value Parameters Value
r 2 ke 8 Am 0.956 k3 3
N, 30 ky 0.6 Af 0.985 ky 3
kp 0.3 Kp, 0.2 ki, 2 e 0.6
A 1 Kp, 0.2 ka, 3 Wy 8
As 6 Kp, 0.45 ka, 3
K diag ([6 6 4 4]) Kp, 0.45 ki, 2
Table 2: Numerical comparison of the control systems performance in different scenarios
Scenario MAE (x) MAE (y) MAE(z) RRMSE (®) RRMSE (p)
Uncertainty 0.95 m 0.64 m 0.07 m 0.9% 0.27%
Uncertainty + Disturbance + Noise 1.26 m 145 m 0.16 m 1.48% 0.33%
Uncertainty + Disturbance + Noise + Fault 1.28 m 1.46 m 0.15m 2.37% 0.34%

4.2. Uncertainty Estimation Performance

Furthermore, the time history of the uncertainty estimation
by the inner-loop and outer-loop controllers in the last scenario
is shown in Figure 8, which illustrates a decreasing trend. In
addition, the final values of the NMAUEE metric for the entire
scenario are NMAUEE(U) = 10.85% and NMAUEE(U,) =
12.19%.
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Figure 8: Time history of NMAUEE in both inner and outer control loops

To evaluate the effect of the augmented ESO on the outer-
loop PD controllers, the simulation results with and without the
ESO are presented in Table 3. As shown, the proposed method
achieves a significant improvement in tracking accuracy.

Table 3: Numerical comparison of adding ESO on the controller performance

Approach MAE (x) MAE (y) MAE (z) RRMSE (p)
PD 1.87m 290 m 0.12m 0.41%
ESO-PD 1.28 m 1.46 m 0.15m 0.34%

4.3. FDD Performance

As demonstrated in Figure 9, the fault gain estimation per-
formance of the proposed FDD algorithm can be observed. It
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can be concluded that the proposed FDD algorithm is capable
of detecting and estimating simultaneous faults with acceptable
accuracy (less than 20% estimation error) despite severe aero-
dynamic disturbances acting on the propellers’ forces and mo-
ments. It is worth noting that the oscillations in the estimated
gains can be attributed to the degrading estimation performance
of the drag moment coefficient (d) by AEKFs.
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Figure 9: Fault gain estimation performance of the proposed FDD algorithm

4.4. Dynamic Control Allocation Effect Analysis

To analyze the effect of the proposed dynamic control allo-
cation with the FDD algorithm, the approach is evaluated in two
configurations: with static control allocation (CANCDO-SCA)
and with dynamic control allocation (CANCDO-DCA). The re-
sults of their performance in attitude tracking are illustrated in
Figure 10. Since the control input is used as the input to the
neural network, the uncertainties caused by faults can be esti-
mated and compensated for. This allows the method to capture
the total uncertainty even without employing dynamic control
allocation.

Furthermore, the numerical criteria for a clearer comparison
are presented in Table 4. These results show that in trajectory
tracking, the static control allocation achieves relatively better
performance, whereas in the attitude tracking, the dynamic con-
trol allocation provides consistently superior results.
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It should also be noted that when static control allocation is
applied, the uncertainties caused by faults are indirectly com-
pensated through additional virtual control commands gener-
ated based on the tracking error, as demonstrated in Figure 11.

Figure 11: Generated virtual control commands in CANCDO-SCA and
CANCDO-DCA
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Table 4: Numerical comparison of controller performance between CANCDO-SCA and CANCDO-DCA

Approach MAE (x) MAE(y) MAE(z) RRMSE(®) RRMSE(p) CE
CANCDO-SCA  135m  159m  0.12m 8.64% 0.35% 1022 N
CANCDO-DCA  128m  146m  0.15m 2.37% 0.34% 881 N

4.5. Safety Filter Performance

To evaluate the effectiveness of the proposed safety filter, a
severe horizontal gust with a magnitude of 34 m/s is applied at
150 seconds for a duration of 10 seconds. In addition, a vertical
gust with a magnitude of 9 m/s is introduced at 162 seconds,
also lasting for 10 seconds. This scenario is simulated both
with and without the safety filter, and the results are shown in
Figure 12. It can be concluded that all CBFs in the safety filter
are capable of maintaining the safety constraints in the presence
of considered environmental disturbances and actuator faults.

Unsafe

Safety Filter

vg (m/s)

-100
280 |

z (m)

-285

-290
-

0, 100 15

-300 L

Il
100
Time (s)

Figure 12: Impact of safety filters under predefined constraints

5. Conclusion

A safe adaptive neural control system was introduced in
this paper. The proposed control method employed a Compos-
ite Learning-based Adaptive Neural Control with Disturbance
Observer (CANCDO) for attitude and altitude control and an
ESO-augmented PD controller for position control. Stability of
the proposed control system was analyzed based on the Lya-
punov’s stability theorem. The disturbance observer compen-
sates for external disturbances and neural network estimation
errors, while a state observer is used to enhance network learn-
ing. The dynamic control allocation block is responsible for
optimal distributions of the virtual control commands based on
the actuator’s health. Finally, the proposed control system was
applied to a realistic dynamic model of an multirotor eVTOL
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air taxi. According to the obtained simulation results, using
the developed control sysytem, the air taxi is capable of safe
tracking the desired trajectory in a 3D environment under dif-
ferent types of model uncertainties, external disturbances, ac-
tuator faults, and measurement noises. Although the proposed
control scheme demonstrated satisfactory performance in han-
dling uncertainties during trajectory tracking in the presented
simulations, future research should focus on developing super-
visory control and trajectory planning frameworks that enable
intelligent decision-making under various flight conditions and
regulatory constraints. Another promising direction is the de-
sign of more robust, physics-informed fault detection and diag-
nosis algorithms for enhanced system reliability. In addition,
advancing data-driven control barrier functions (CBFs) to ad-
dress collision avoidance, no-fly zones, and other safety-critical
constraints represents an important avenue for future work.
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Appendix A. Wind Modeling Details

It is assumed that there is a constant horizontal wind with
frame A and velocity Vf exists, which generally varies with
height. In addition, a gust with frame G and velocity Vé, is
defined to move relative to the constant wind frame. Finally,
the motion of turbulent air particles with frame 7 and velocity
v(T; is considered, moving relative to the frame G. As a result,
the overall air motion V‘é is expressed in the local coordinate
system as follows:

L L L L
el = [l + e |+ [¥7]

For modeling wind shear, the Surface Wind model [46] is

employed. In this model, the Earth’s surface is assumed to be

fixed relative to the surrounding atmosphere, and a horizontal

wind develops within the boundary layer, with its speed increas-
ing as altitude increases [46]:

(A.1)

In(h h
Vs = V. n (hagr/ho)

shyeeft 5 7 /7 N (AZ)
"0 (ret / o)



where hagL, hrer and Vi, or represents the height above the ground

in feet, the reference height above the surface, and the reference
velocity at this height, respectively. In addition, according to
[47], the values of hef = 20 ft and hg = 0.15 ft are considered
for flight at altitudes between approximately 1 meter and 300
meters. Thus, the horizontal wind has a constant component
Vs and a height-dependent component for wind shear V,, g,
expressed in local coordinate system as follows:

__1L
[Vﬁ] = [_(Vw,s + Vw,xh) cos ww _(Vw,s + Vw,sh) Sin ww O] .
(A.3)
Furthermore, the 1 — cos gust model [48] in three directions is
considered in this work:
M(1 —cos(z—ﬂ(t—to))) to<t<ty+T,,
Vo) =49 2 T,
0 Otherwise

bl

(A.4)
where Vg ,,, T, and 1 represent the gust amplitude, gust dura-
tion, and gust duration time, respectively.

To model the turbulence, the Dryden model is used, which
can be expressed in terms of shaping filters. According to [47]
for heights less than 300 meters, the turbulence intensity is
modeled as follows:

Ty = 0.1W2() (ASa)
Oy gy 1

o o : A.5b
ow 0w (0.177 + 0.000823h)04 (A.5b)

where where 1 and W represent the height in feet and the wind
speed at a height of 20 feet, respectively. Therefore, by apply-
ing band-limited white noise as input to the filters, the turbu-
lence velocities in three directions can be obtained.

Appendix B. Stability Analysis

To prove the closed-loop system stability of the inner-loop
and the candidate Lyapunov function is considered as follows:

1

1 oo
> — DDy, (B.1)

kgsiss + 7

1
T
V==s,S,+

3 RS Tr (WTW) +

2r
where W = W — W* and Dy, = Dy — D,. In addition, Tr(")
represents the trace function of the matrix.

Assuming the optimal neural network weights and the dis-

turbance upper bound are constant, one has W =Wand Dy =
Dy,. Thus, by differentiating the Lyapunov function (B.1), it is

obtained that:
. T. T. 1 <o I <14
V =5,,8n + kS, 8 + = Tr(W W) +—D, Dy
’ r kp
=s, (—WTy +D - Dy, osign(e,) — Ksm)
+kgs] (WTM + Dy osign(e.) —D — k(‘s_y)

1
+_
r

(B.2)

1 s
—DJ,Dy.

Tr (WTW) +
kp
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By substituting (37a) and (37b) into (B.2), we obtain:

V=s| (—WT,u +D - Dy, osign(e,) - Ksm)
+ ks, (WTu + D, osigne.) —D - kcsx)
+Tr (WT;[ (sT - kssST)) + Dy, le.|.

m

(B.3)

Using the property Tr(ba™) = a™b, where a,x; = s, and b, =
W, it follows that:

V=sl (—WTp +D - Dy, osign(e,) — Ksm)
+ ks, (WTM + Dy ©sign(e.) —D — kcss)
+5 Wiy —ksIW u+Dj e
=s,, (D - Dy, osign(e,) — Ksm)
+ ks, (ﬁM O sign(e.) - D - kcss) +Dy,le

=—s, Ks,, — ks k.s; — e, (ﬁM O sign(e,) — D) + Dy, le.|.
(B4)

Considering e/ D < |e]|D}, and transposing the scalar terms,
(B.4) can be rewritten as follows:

V < —s1Ks,, — ksl ks, — e Dy ©sign(e,) + ] D}, + D, le.|

A T ~
siKs,, — ksTkes, = (Da = Dj,) lec| + Djlecl,

(B.5)
Hence, it is obtained:

V < —s, Ks,, — ks k.S;, (B.6)

which indicates the asymptotic stability of the closed-loop sys-
tem. As a result, both tracking error and uncertainty estimation
error will converge to zero and remain bounded.
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